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Abstract: In this paper, we consider the regularity criterion for 3D incompressible
Navier-Stokes equations in terms of one directional derivative of the velocity in anisotropic
Lebesgue spaces. More precisely, it is proved that u becomes a regular solution if the ∂3u
satisfies
∫ T
0
∥∥∥∥∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
1 + ln (‖∂3u (t) ‖L2 + e)
dt <∞,
where 2
β
+ 1
p
+ 1
q
+ 1
r
= 1 and 2 < p, q, r ≤ ∞, 1−
(
1
p
+ 1
q
+ 1
r
)
≥ 0.
Mathematics Subject Classification (2010): 35Q30, 35B65
Keywords: Navier-Stokes equations; Regularity criteria; Anisotropic Lebesgue spaces
∗maragusa@dmi.unict.it
†wufan0319@yeah.net
1
1 Introduction
In this paper, we are concerned with regularity criteria for the weak solutions to the
incompressible Navier-Stokes equations (NSE) in R3 :

∂tu+ (u · ∇)u−∆u+∇p = 0,
∇ · u = 0,
u(x, 0) = u0(x),
(1.1)
where u = (u1 (t, x) , u2 (t, x) , u3 (t, x)) and p denote the unknown velocity field and pres-
sure of the fluid respectively, and u0 is the prescribed initial data satisfying the compati-
bility condition ∇ · u0 = 0, and
∂tu =
∂u
∂t
, ∂i =
∂
∂xi
, (u · ∇) =
3∑
i=1
ui∂i.
It is well known that the weak solution of Navier-Stokes equations (1.1) is unique and
regular in two dimensions. However, in three dimensions, the regularity problem of weak
solutions of Navier-Stokes equations is an outstanding open problem in mathematical
mechanics. The classical Prodi-Serrin conditions [4, 16, 17] say that if
u ∈ Lq
(
0, T ;Lp
(
R
3
))
with
2
q
+
3
p
= 1 and 3 ≤ p ≤ ∞, (1.2)
then the weak solution u is regular on (0, T ]. The Prodi-Serrin conditions (1.2) were later
generalized by Beira˜oda Veiga [3] to be
∇u ∈ Lq
(
0, T ;Lp
(
R
3
))
with
2
q
+
3
p
= 2 and
3
2
≤ p ≤ ∞. (1.3)
In the past decades, many refinements of (1.2) and (1.3) appeared. Penel and Pokorny [14]
first established a regularity criterion for the 3D Navier-Stokes equations only in terms of
one directional derivative of the velocity, more precisely, they proved that if
∂3u ∈ L
q
(
0, T ;Lp
(
R
3
))
with
2
q
+
3
p
=
3
2
and 2 ≤ p ≤ ∞, (1.4)
then the solution is smooth. Kukavica and Ziane [10] extended the above condition to
the condition
∂3u ∈ L
q
(
0, T ;Lp
(
R
3
))
with
2
q
+
3
p
= 2 and
9
4
≤ p ≤ 3. (1.5)
Recently, Cao [2] and Zhang et al. [19, 20] have made various improvements to the
indicators in condition (1.5). In [11], Liu proved the regularity criterion via one directional
2
derivative of the velocity (i.e. ∂3u) in Morrey-Campanato spaces. For readers interested
in this topic for partial components and related arguments, please refer to [5–9,15,18,21]
for recent progresses.
Motivated by papers cited above, we shall investigate regularity criterion for the weak
solutions to the Cauchy problem of the 3D Navier-Stokes equations (1.1) in term of the
one directional derivative of the velocity on framework of the anisotropic Lebesgue spaces
in this work. Before stating our main theorem, we shall first recall the definitions of the
anisotropic Lebesgue spaces and the weak solutions to (1.1).
Definition 1.1 Let 1 ≤ p, q, r ≤ ∞, we say that a function f belongs to anisotropic
Lebesgue spaces Lp (Rx1 ;L
q (Rx2 ;L
r (Rx3))) if f is measurable on R
3 and the following
norm is finite:
∥∥∥∥
∥∥∥‖f‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
Lrx3
:=

∫
R
(∫
R
(∫
R
|f (x1, x2, x3)|
p dx1
) q
p
dx2
) r
q
dx3


1
r
with the usual change as p =∞ or q =∞ or r =∞.
Definition 1.2 Let u0 ∈ L
2(R3) with ∇·u0 = 0, T > 0. A measurable R
3-valued function
u defined in [0, T ]× R3 is said to be a weak solution to (1.1) if
1. u ∈ L∞ (0, T ;L2 (R3)) ∩ L2 (0, T ;H1 (R3));
2. (1.1)
1
holds in the sense of distributions, that is,∫ t
0
(u, ∂tφ+ (u · ∇)φ) ds+ (u0, φ(0)) =
∫ t
0
(∇u (s) ,∇φ (s)) ds,
for all φ ∈ C∞c ([0, T )× R
3) with ∇ · φ = 0, where (·, ·) is the scalar product in L2(R3);
3. the energy inequality, that is,
‖u(t)‖2L2 + 2
∫ t
0
‖∇u(s)‖2L2ds ≤ ‖u0‖
2
L2 , 0 ≤ t ≤ T.
Now, our main result reads:
Theorem 1.1 Suppose that u0 ∈ H
1(R3) and ∇ · u0 = 0 in distribution. Let u be the
Leray-Hopf weak solution of (1.1) on (0, T ]. If ∂3u satisfies
∫ T
0
∥∥∥∥∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
1 + ln (‖∂3u (t) ‖L2 + e)
dt <∞, (1.6)
where 2
β
+ 1
p
+ 1
q
+ 1
r
= 1 and 2 < p, q, r ≤ ∞, 1−
(
1
p
+ 1
q
+ 1
r
)
≥ 0, then the weak solution
u is smooth on interval (0, T ].
3
Remark 1.1 The result of Theorem 1.1 make a further step forward in the understanding
of regularity criteria for the Navier-Stokes equations. Due to∥∥∥∥
∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
1 + ln (‖∂3u (t) ‖L2 + e)
≤
∥∥∥∥∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
,
we can easily get regularity condition∫ T
0
∥∥∥∥
∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
dt <∞, (1.7)
where 2
β
+ 1
p
+ 1
q
+ 1
r
= 1 and 2 < p, q, r ≤ ∞, 1−
(
1
p
+ 1
q
+ 1
r
)
≥ 0.
Remark 1.2 It seems a difficult problem to prove the integrable index 2
β
+ 1
p
+ 1
q
+ 1
r
= 2
in (1.6). We hope we can overcome this problem in the near future.
Before ending this section, we state the following two lemmas, which will be used in
the proof of our main results.
Lemma 1.1 [12] There exists a positive constant C such that∥∥∥∥∥
∥∥∥∥‖f‖
L
2p
p−2
x1
∥∥∥∥
L
2q
q−2
x2
∥∥∥∥∥
L
2r
r−2
x3
≤ C ‖∂1f‖
1
p
L2
‖∂2f‖
1
q
L2
‖∂3f‖
1
r
L2
‖f‖
1−( 1p+
1
q
+
1
r)
L2
, (1.8)
for every f ∈ C∞0 (R
3) where 2 < p, q, r ≤ ∞, 1−
(
1
p
+ 1
q
+ 1
r
)
≥ 0.
Lemma 1.2 [1] Let µ, θ, λ and κ be four numbers satisfying
1 ≤ µ, θ, λ, κ <∞,
1
θ
+
1
λ
+
1
κ
> 1 and 1 +
3
µ
=
1
θ
+
1
λ
+
1
κ
.
Assume that ϕ(x) = ϕ(x1, x2, x3) with ∂1ϕ ∈ L
θ(R3), ∂2ϕ ∈ L
λ(R3) and ∂3ϕ ∈ L
κ(R3).
Then, there exists a constant C = C(θ, λ, κ) such that
‖ϕ‖Lµ ≤ C‖∂1ϕ‖
1
3
Lθ
‖∂2ϕ‖
1
3
Lλ
‖∂3ϕ‖
1
3
Lκ. (1.9)
Especially, when θ = λ = 2 and 1 ≤ κ <∞, there exists a constant C = C(κ) such that
‖ϕ‖L3κ ≤ C‖∂1ϕ‖
1
3
L2
‖∂2ϕ‖
1
3
L2
‖∂3ϕ‖
1
3
Lκ, (1.10)
which holds for any ϕ with ∂1ϕ ∈ L
2(R3), ∂2ϕ ∈ L
2(R3) and ∂3ϕ ∈ L
κ(R3).
Throughout this paper, we denote by C a positive constant, which may depend on the
initial data u0 and T , and its value may change from line to line. The norms of the usual
Lebesgue spaces Lp(R3) are denoted by Lp , while the directional derivatives of a function
f are denoted by ∂if =
∂f
∂xi
(i = 1, 2, 3).
We present the proof of Theorems 1.1 in the next section.
4
2 The proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. The proof is based on the
establishment of a priori estimates under condition (1.6).
Firstly, we give the basic energy estimate of equations (1.1). Multiplying the first
equation of (1.1) with u and integrating them in R3, we have
1
2
d
dt
‖u‖2L2 + ‖∇u‖
2
L2 = 0. (2.1)
Integrating from 0 to t for the above equality, we have
u ∈ L∞
(
0, T ;L2(R3)
)
∩ L2
(
0, T ;H1(R3)
)
. (2.2)
Differentiating the first equation in (1.1) about space variable x3, then multiplying the
resulting equation by ∂3u, and integrating it to get
1
2
d
dt
‖∂3u‖
2
L2 + ‖∇∂3u‖
2
L2 = −
∫
R3
∂3(u · ∇u) · ∂3udx = −
∫
R3
∂3u · ∇u · ∂3udx. (2.3)
By Ho¨lder’s inequality, Young’s inequality and Lemma 1.1, we can estimate the right-hand
5
side of equality (2.3) as follows:
−
∫
R3
∂3u · ∇u · ∂3udx ≤
∣∣∣∣
∫
R3
∂3u · ∇u · ∂3udx
∣∣∣∣
≤
∥∥∥∥∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
Lrx3
∥∥∥∥∥
∥∥∥∥‖∂3u‖
L
2p
p−2
x1
∥∥∥∥
L
2q
q−2
x2
∥∥∥∥∥
L
2r
r−2
x3
‖∇u‖L2
≤ C
∥∥∥∥∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
Lrx3
‖∂1∂3u‖
1
p
L2
‖∂2∂3u‖
1
q
L2
‖∂3∂3u‖
1
r
L2
‖∂3u‖
1−( 1p+
1
q
+
1
r)
L2
‖∇u‖L2
≤ C
∥∥∥∥∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
Lrx3
‖∇∂3u‖
1
p
+
1
q
+
1
r
L2
‖∂3u‖
1−( 1p+
1
q
+
1
r)
L2
‖∇u‖L2
≤ C
(
‖∇∂3u‖
2
L2
) 1p+1q+1r
2


∥∥∥∥∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
2
2−( 1p+1q+1r)
Lrx3
‖∂3u‖
2·
1−( 1p+1q+1r)
2−( 1p+1q+1r)
L2
‖∇u‖
2
2−( 1p+1q+1r)
L2


2−( 1p+1q+1r )
2
≤ ǫ‖∇∂3u‖
2
L2 + C


∥∥∥∥
∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
2
2−( 1p+1q+1r )
Lrx3
‖∂3u‖
2·
1−( 1p+1q+1r )
2−( 1p+1q+1r )
L2
‖∇u‖
2
2−( 1p+1q+1r)
L2


≤ ǫ‖∇∂3u‖
2
L2 + C
(∥∥∥∥
∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
2
1−( 1p+1q+1r )
Lrx3
) 1−( 1p+1q+1r )
2−( 1p+1q+1r ) (
‖∇u‖2L2
) 1
2−( 1p+1q+1r ) ‖∂3u‖
2·
1−( 1p+1q+1r )
2−( 1p+1q+1r )
L2
≤ ǫ‖∇∂3u‖
2
L2 + C
(
1 + ‖∂3u‖
2
L2
)(∥∥∥∥
∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
2
1−( 1p+1q+1r)
Lrx3
+ ‖∇u‖2L2
)
.
(2.4)
Combining (2.3) and (2.4) together, then we get
d
dt
(e+ ‖∂3u‖
2
L2) + ‖∇∂3u‖
2
L2
≤C
(
e + ‖∂3u‖
2
L2
)(∥∥∥∥∥∥∥‖∂3u‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
2
1−( 1p+1q+1r )
Lrx3
+ ‖∇u‖2L2
)
≤C
(
e + ‖∂3u‖
2
L2
)


∥∥∥∥
∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
e+ ln (‖∂3u (t) ‖L2 + e)
+ ‖∇u‖2L2


(
1 + ln
(
‖∂3u (t) ‖
2
L2 + e
))
.
(2.5)
6
Let
F (t) = ln
(
‖∂3u (t) ‖
2
L2 + e
)
,
we obtain
d
dt
(1 + F (t)) + ‖∇∂3u‖
2
L2 ≤ C


∥∥∥∥
∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
1 + ln (‖∂3u (t) ‖L2 + e)
+ ‖∇u‖2L2

 (1 + F (t)) . (2.6)
Applying the Gronwall inequality to (2.6) yields that
sup
0≤t≤T
lnF (t) ≤ (1 + lnF (0)) exp
∫ T
0
C


∥∥∥∥
∥∥∥‖∂3u(t)‖Lpx1
∥∥∥
L
q
x2
∥∥∥∥
β
Lrx3
1 + ln (‖∂3u (t) ‖L2 + e)
+ ‖∇u‖2L2

 dt, (2.7)
which implies that
sup
0≤t≤T
‖∂3u(t)‖
2
L2 +
∫ T
0
‖∇∂3u(t)‖
2
L2dt ≤ C. (2.8)
Next, multiplying the first equation of (1.1) by ∆u, integrating over R3, we get
1
2
d
dt
‖∇u‖2L2 + ‖∆u‖
2
L2 =
∫
R3
u · ∇u ·∆udx. (2.9)
For the term of right-hand side of (2.9), by using the interpolation inequality and Lemma
1.2 (with κ = 2 in (1.10)), it is not difficult to see that∫
R3
u · ∇u ·∆udx ≤ C‖∇u‖3L3 ≤ C‖∇u‖
3
2
L2
‖∇u‖
3
2
L6
≤ C‖∇u‖
3
2
L2
‖∇∂1u‖
1
2
L2
‖∇∂2u‖
1
2
L2
‖∇∂3u‖
1
2
L2
≤ C‖∇u‖
3
2
L2
‖∇2u‖L2‖∇∂3u‖
1
2
L2
= C(‖∇2u‖2L2)
1
2 (‖∇u‖3L2‖∇∂3u‖L2)
1
2
≤
1
4
‖∆u‖2L2 + C‖∇u‖
3
L2‖∇∂3u‖L2
≤
1
4
‖∆u‖2L2 + C‖∇u‖
2
L2(‖∇u‖
2
L2 + ‖∇∂3u‖
2
L2).
(2.10)
Substituting (2.10) into (2.9), we obtain
d
dt
‖∇u‖2L2 + ‖∆u‖
2
L2 ≤ C‖∇u‖
2
L2(‖∇∂3u‖
2
L2 + ‖∇u‖
2
L2). (2.11)
7
Applying the Gronwall inequality yields that
sup
0≤t≤T
‖∇u‖2L2 ≤ ‖∇u0‖
2
L2 expC
{∫ T
0
(
‖∇∂3u‖
2
L2 + ‖∇u‖
2
L2
)
dτ
}
, (2.12)
which gives that
u ∈ L∞
(
0, T ;H1
(
R
3
))
∩ L2
(
0, T ;H2
(
R
3
))
.
This completes the proof of Theorem 1.1.
Acknowledgments
The first author is partially supported by I.N.D.A.M-G.N.A.M.P.A. 2019 and the
“RUDN University Program 5-100”.
References
[1] Cao C., Wu J. Two regularity criteria for the 3D MHD equations. Journal of Differ-
ential Equations, 2010, 248 (9): 2263-2274.
[2] Cao C. Sufficient conditions for the regularity to the 3D Navier-Stokes equations.
Discrete & Continuous Dynamical Systems-Series A, 2010, 26 (4): 1141-1151.
[3] Da Veiga H. B. A new regularity class for the Navier-Stokes equations in Rn. Chinese
Ann. Math. Ser. B, 1995, 16 (4): 407-412.
[4] Escauriaza L., Seregin G. L3,∞-solutions of the NavierCStokes equations and back-
ward uniqueness. Nonlinear Problems in Mathematical Physics & Related Topics II,
2003, 18: 353-366.
[5] Fang D., Qian C. Regularity criterion for 3D Navier-Stokes equations in Besov spaces.
Communications on Pure & Applied Analysis, 2014, 13 (2): 585-603.
[6] Gala S., Liu Q., Ragusa M.A. A new regularity criterion for the nematic liquid crystal
flows. Applicable Analysis, 2012, 91 (9): 1741–1747.
[7] Gala S., Ragusa, M. A. Logarithmically improved regularity criterion for the Boussi-
nesq equations in Besov spaces with negative indices. Applicable Analysis, 2016, 95
(6): 1271–1279.
[8] Gala S., Ragusa M. A. On the regularity criterion for the Navier-Stokes equations in
terms of one directional derivative. Asian-European Journal of Mathematics, 2017,
10 (01): 1750012.
8
[9] Guo Z., Gala S. A regularity criterion for the Navier-Stokes equations in terms of one
directional derivative of the velocity field. Analysis and Applications, 2012, 10(04):
373-380.
[10] Kukavica I., Ziane M. Navier-Stokes equations with regularity in one direction. Jour-
nal of mathematical physics, 2007, 48 (6): 065203.
[11] Liu Q. A Regularity criterion for the Navier-Stokes equations in terms of one di-
rectional derivative of the velocity. Acta Applicandae Mathematicae, 2015, 140 (1):
1-9.
[12] Liu Q., Zhao J. Blowup criteria in terms of pressure for the 3D nonlinear dissipa-
tive system modeling electro-diffusion. Journal of Evolution Equations, 2018, 18( 4):
1675-1696.
[13] Prodi G. Un teorema di unicita per le equazioni di Navier-Stokes. Annali di Matem-
atica pura ed applicata, 1959, 48 (1): 173-182.
[14] Penel P., Pokorny M. Some new regularity criteria for the Navier-Stokes equations
containing gradient of the velocity. Applications of Mathematics, 2004, 49 (5): 483-
493.
[15] Polidoro S., Ragusa M. A. Harnack inequality for hypoelliptic ultraparabolic equa-
tions with a singular lower order term. Revista Matematica Iberoamericana, 2008,
24: 1011-1046.
[16] Prodi G. Un teorema di unicita per le equazioni di Navier-Stokes. Annali di Matem-
atica pura ed applicata, 1959, 48 (1): 173-182.
[17] Serrin J. On the interior regularity of weak solutions of the Navier-Stokes equations.
Archive for Rational Mechanics and Analysis, 1962, 9 (1): 187-195.
[18] Skalak Z. On the regularity of the solutions to the Navier-Stokes equations via the
gradient of one velocity component. Nonlinear Analysis: Theory, Methods & Appli-
cations, 2014, 104: 84-89.
[19] Zhang Z. An improved regularity criterion for the Navier-Stokes equations in terms
of one directional derivative of the velocity field. Bulletin of Mathematical Sciences,
2018, 8 (1): 33-47.
[20] Zhang Z., Yuan W., Zhou Y. Some remarks on the Navier-Stokes equations with
regularity in one direction. Applications of Mathematics, 2019, 64 (3): 301-308.
[21] Zhang Z, Chen Q. Regularity criterion via two components of vorticity on weak
solutions to the Navier-Stokes equations in R3. Journal of Differential Equations,
2005, 216 (2): 470-481.
9
